Extracting Energy from an External Magnetic Field by Rodrigues Jr., Waldyr A. & de Oliveira, Edmundo Capelas
ar
X
iv
:1
20
8.
17
02
v2
  [
ma
th-
ph
]  
20
 Se
p 2
01
2
Extracting Energy from an External Magnetic
Field
Waldyr Alves Rodrigues Jr. and Edmundo Capelas de Oliveira∗
Institute of Mathematics, Statistics and Scientific Computation
IMECC-UNICAMP
email: walrod@ime.unicamp.br or walrod@mpc.com.br
July 23, 2018
Abstract
In this paper we describe the theory of a device that is able to extract
energy from an external magnetic field. The device is a cylindrical mag-
netic insulator that once put in rotation makes electromagnetic angular
momentum to be stored in the electromagnetic field in contrary direction
to the mechanical angular momentum of the device. As a consequence due
to total angular momentum conservation the device increases its angular
velocity (when εµ > 1)1 and all conservation laws are rigorously satisfied.
The voltage generated by the device is found solving explicitly Maxwell
equations for rotating magnetic insulators in external fields a subject that
have provoked lots of polemics in the literature and which we hope to be
here clarified due to our pedagogical presentation.
1 Introduction
In this paper we introduce the theory of a device that can in principle ex-
tract energy from an external magnetic field. The idea for the device came to
us from the theoretical analysis of the 1913 Wilson & Wilson [21] experiment
(WWE)2 described in Section 5. Since the correct theoretical explanation of
the experiment gave rise to controversies3 in the literature due to difficulties
in properly applying Maxwell theory in rotating frames4 we decided to give a
∗email: capelas@ime.unicamp.br
1Natural units are used in the paper.
2The experiment has been repeated by Hertzberg and collaborators [5] in 2001.
3A sample may be found in [11, 13, 17, 18, 20] and the inumerous references to related
issues in those papers.
4See, e.g., the most quoted Schiff’s paper [19] where it is (wrongly) claimed that one need
use General Relativity to explain electrodynamics phenomena in rotating frames. Besides that
let us recall the almost continuous difficulty that some have in each generation to understand
simple electromagnetic phenomena when moving boundaries are present, as e.g., in the appli-
1
very pedagogical presentation for the problem of expressing Maxwell equations
in a coordinate invariant way using the theory of differential forms. Then, using
that formalism and the correct jumping conditions for the electromagnetic field
variables between moving boundaries separating two different media we get in
a very clear way the electromagnetic field as measured in the laboratory in the
WWE.5 We think that our approach clears up immediately what is wrong with
some other attempts to find a correct description of the WWE in the sample
of papers quoted. The description of the machine to extract energy from an
external magnetic field is given in section 6 where it is observed that the ma-
chine once puts in motion makes electromagnetic angular to be stocked in the
electric plus magnetic fields in the opposite direction of the mechanical angular
mechanical of the device (when µε > 1) and thus due to angular momentum
conservation the machine has its mechanical angular momentum increased. Of
course, all the conservation laws are in operation in our device and the energy
being generated comes from the external electromagnetic field.
2 Maxwell Equations
The formulation of Maxwell equations in intrinsic form requires as preliminary
mathematical structures:
(i) a 4-dimensional orientable6 manifold M , the bundle of non homogeneous
differential forms
∧
T ∗M =
⊕r=4
r=0
∧r
T ∗M , where
∧r
T ∗M is the bundle of r-
forms and
(ii) the differential operator d :
∧r
T ∗M → ∧r+1T ∗M , d2 = 0.
Indeed, Maxwell equations deals with a field F ∈ sec∧2T ∗M which is exact,
i.e., F = dA, where A ∈ sec∧1T ∗M and a current J ∈ sec∧3T ∗M that is also
exact, i.e., J = dH , where H ∈ sec∧2T ∗M . The set of equations
dF = 0, dH = −J, (1)
is known as Maxwell equations and of course, we have
dJ = 0, (2)
i.e., the current is conserved.
Maxwell equations are invariant under diffeomorphisms as it happens with
all theories formulated with differential forms. This means that if h : M → M
is a diffeomorphism, then denoting as usual the pullback mapping by h∗, since
cation of Faraday’s law of induction in the homopolar generator. A thoughtful discussion of
the application of Faraday’s law in its many equivalent formulations may be found in [16].
5Application of differential forms formalism to the WWE already appeared in [1, 6]. Our
approach details each step in the derivation and hopefuly is a little bit more pedagogical.
6By orientable we mean that there exists in M a global 4-form τg ∈ sec
∧
4T ∗M . If the
manifold is not orientable then it is necessary to use besides the concepts of pair form fields
also the concepts of impair form fields. Details may be found in [6]. See also a thoughtful
discussion in [14].
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the differential d commutes with the pullback, i.e., dh∗ = h∗d we have that the
fields F ′ = h∗F,H ′ = h∗H,J′ = h∗J satisfy
dF ′ = 0, dH ′ = −J′. (3)
Note that we did not make until now any requirements concerning the topol-
ogy of manifold M , so to proceed we take arbitrary coordinates 〈xµ〉 covering
U ⊂ M and denoting7 〈eµ = ∂/∂xµ = ∂µ〉 the corresponding coordinate basis
for TU and by 〈ϑµ = dxµ〉 the basis for T ∗U dual to the basis 〈eµ〉 we write
F =
1
2
Fµνϑ
µ ∧ ϑν ,
H =
1
2
Hµνϑ
µ ∧ ϑν , (4)
J =
1
3!
Jµνρϑ
µ ∧ ϑν ∧ ϑν .
Maxwell equations are supposed to describe the behavior of electromagnetic
fields in vacuum or in material media. But whereas, according to Feynman,
the field F is fundamental (it define the Lorentz force acting on probe charged
particles moving in the field) the field H is phenomenological8. In fact, if we
write Fourier representation for F and H,
Fµν(x) =
∫
d4kF˘µν(k)e
−i(k0x
0+k1x
1+k2x
2+k3x
3) :=
∫
d4kFµν(k, x),
Hµν(x) =
∫
d4k H˘µν(k)e
−i(k0x
0+k1x
1+k2x
2+k3x
3) :=
∫
d4kHµν(k, x), (5)
in general we have, defining the 2-form valued function κ˘ : R× sec∧2T ∗M →
sec
∧2
T ∗M (the frequency constituent equations of the medium) that
H(k0, x) = κ˘(F(k0, x)). (6)
The function κ˘ may even be in some media a nonlinear function of F (see,
e.g., [2]) but in what follows we will consider only non dispersive media (κ˘ is
independent of k0) in which case we can define a linear constituent function (an
extensor field)
κ : sec
∧2
T ∗M → sec∧2T ∗M,
H = κ(F ). (7)
In this case we have for the components Hµν of H ,
Hµν =
1
2
κ··αβµν··Fαβ . (8)
7Take notice that coordinate vector fields are denoted using a bold symbol ∂, e.g., ∂/∂xµ =
∂µ, whereas we use the symbol ∂/∂xµ := ∂µ to denote the usual partial derivatives. This
means the following: Let f : M → R a differentiable function and let (U, ψ) be a chart of the
atlas of M such that for e ∈ U , ψ(e) = (x0, x1, x2, x3). Then, ∂
∂xµ
f = ∂
∂xµ
f ◦ ψ.
8At least at the classical level. This is so because the calculation of H needs in the general
case sophisticated use of quantum theory.
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Of course, we have the obvious symmetries for the components of the con-
stituent extensor9 κ,
κ··αβµν·· = −κ··αβνµ·· , κ··αβµν·· = −κ··βαµν·· , κ··αβµν·· = κ··βανµ·· . (9)
2.1 Enter 〈M, g,∇, τ g, ↑〉
We can proceed with the formulation of Maxwell theory without the introduc-
tion of additional mathematical objects in the manifoldM . If you are interested
in knowing the details, please consult [6]. From now on we will suppose that
electromagnetic fields are to be described in a Lorentzian spacetime structure
〈M, g,∇, τ g, ↑〉, where 〈M, g〉 is a Lorentzian manifold, ∇ is the Levi-Civita
connection of g, τ g =
√
|det g|ϑ0 ∧ϑ1 ∧ϑ2 ∧ϑ3 is the metrical volume element
and ↑ denotes that the structure 〈M, g) is time orientable.
Remark 1 As it is well known a spacetime structure (M, g,∇, τ g, ↑〉 when the
Riemann curvature tensor of ∇ is non null represents a gravitational field gen-
erated by an energy-momentum tensor T in Einstein’s General Relativity (GR)
where Einstein equation is satisfied. It is a simple exercise to find an effec-
tive spacetime structure, say 〈M,g,∇, τ g, ↑〉, to describe some material media.
However, such structure has nothing to do with GR.
2.1.1 Reference Frames
We shall need in what follows the concepts of reference frames, observers and
naturally adapted coordinate systems to a reference frame in a general Lorentzian
spacetime structure 〈M, g,∇, τ g, ↑〉.
We define a reference frame in U ⊂ M as a unit timelike vector field Z
pointing to the future. We have
g(Z,Z) = 1. (10)
An observer is defined as a timelike curve σ inM (parametrized with proper
time) and pointing to the future. We denote by σ∗s the tangent vector at σ(s)
and
g(σ∗s, σ∗s) = 1. (11)
We immediately realize that each one of the integral lines of Z, is an observer.
Finally we say that coordinates 〈xµ〉 covering U ⊂M is a naturally adapted
coordinate system to a reference frame Z (nacs|Z) if
Z =
1√
g00
∂
∂x0
. (12)
A detailed classification of reference frames in a Lorentzian spacetime may be
found, e.g., in [15]. For a classification of reference frames in a Riemann-Cartan
spacetime, see, e.g., [3].
9We recall that these are the same symmetries of the components of the Riemann tensor
of a metric compatible connection.
4
2.1.2 Formulation of Vacuum Maxwell Equations in 〈M, g,∇, τ g, ↑〉
Given the structure 〈M, g,∇, τ g, ↑〉 it is convenient to define
G = ⋆
g
−1H (13)
where ⋆
g
: sec
∧r
T ∗M → sec∧4−rT ∗M is the Hodge star operator and ⋆
g
−1⋆
g
=
⋆
g
⋆
g
−1 = Id. It is also a standard practice to introduce J ∈ sec∧1T ∗M such that
J = ⋆
g
J. (14)
We define also the (ex)tensor field
χ : sec
∧2
T ∗M → sec∧2T ∗M, (15)
G = χ(F ).
Writing10
G =
1
2
Gµνϑ
µ ∧ ϑν = 1
2
Gµνϑµ ∧ ϑν (16)
we have
Gµν =
1
2
χ··αβµν··Fαβ , G
µν =
1
2
χµναβFαβ (17)
and of course, the components of the constituent extensor χ satisfy
χµναβ = −χνµαβ , χµναβ = −χµνβα, χµναβ = χνµβα. (18)
In vacuum the relation between the fields G and F is
G = F (19)
and we write Maxwell equations as
dF = 0, d ⋆
g
F = − ⋆
g
J. (20)
or better yet, applying the inverse of the Hodge star operator to both members
of the non homogenous equation we can write
dF = 0, δ
g
F = −J
We recall that11
⋆
g
ϑµ1...µp =
1
(n− p)!
√
|det g|gµ1ν1 ...gµpνpǫν1...νnϑνp+1...νn . (21)
10〈ϑµ〉 is the reciprocal basis of 〈ϑµ〉, i.e., g(ϑµ, ϑν) = δ
µ
ν .
11ϑµ1...µp := ϑµ1...µp ∧ ϑµ2 ∧ · · · ∧ ϑµp .
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Then, write
H = ⋆
g
F =
1
2
Hρσϑ
ρ ∧ ϑσ = 1
2
Hρσϑρ ∧ ϑσ (22)
and let us calculate ⋆
g
F . We have
⋆
g
F =
1
2
Fµν ⋆
g
(ϑµ ∧ ϑν)
=
1
2
1
2
Fµν
√
|det g|gµαgνβǫαβρσϑρ ∧ ϑσ. (23)
From Eq.(22) and Eq.(23) we have
Hρσ =
1
2
√
|det g|gµαgνβǫαβρσFµν (24)
=
1
2
√
|det g|gµαgνβǫρσαβFµν
=
1
2
√
|det g|ǫ··µνρσ··Fµν ,
or taking into account that
Hρσ =
∗Gρσ =
1
2
√
|det g|ǫ··µνρσ··Gµν (25)
we get
Gρσ = gρµgσνFµν =
1
2
(gρµgσν − gρνgσµ)Fµν . (26)
Comparing this equation with Eq.(17) gives for the components κρσµν of
the constitutive (ex)tensor of the vacuum
χρσµν = (gρµgσν − gρνgσµ). (27)
Remark 2 Before proceeding let us recall that the similarity between the com-
ponents of χρσµν and the components Rρσµν of a Riemann curvature tensor R
with a constant Riemann curvature scalar K. Indeed, we have
Rρσµν =
K
12
(gρµgσν − gρνgσµ) (28)
and thus K = R = δνβR
αβ··
··αν . Take notice that R is not the Riemann curvature
tensor of the Levi-Civita connection D of g.
Exercise 3 Show that in components Maxwell equations dF = 0, dH = − ⋆
g
J
when κ has its vacuum value read
∂µFαβ + ∂βFµα + ∂αFβµ = 0, (29)
1√
|det g|∂µ(
√
|det g|Fµν) = Jν . (30)
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Solution 4 We have
dF =
1
2
d(Fαβ ∧ ϑα ∧ ϑβ)
=
1
2
∂µFαβϑ
µ ∧ ϑα ∧ ϑβ
=
1
3!
(∂µFαβ + ∂βFµα + ∂αFβµ)ϑ
µ ∧ ϑα ∧ ϑβ
and Eq.(29) follows.
Next we define J = Jµϑ
µ := ρϑ0 − jiϑi and get
⋆
g
J =
1
3!
√
|det g|Jλgλκǫκµαβϑµ ∧ ϑα ∧ ϑβ . (31)
Then the equation dH = − ⋆
g
J reads
1
3!
(∂µHαβ + ∂βHµα + ∂αHβµ)ϑ
µ ∧ ϑα ∧ ϑβ = − 1
3!
√
|det g|Jκǫκµαβϑµ ∧ ϑα ∧ ϑβ
(32)
and
(∂µHαβ + ∂βHµα + ∂αHβµ) = −
√
|det g|Jκǫκµαβ . (33)
Multiplying both members of the last equation by ǫλµαβ and recalling12 that
ǫλµαβ ǫκµαβ = 3!δ
λ
κ (34)
ǫλµαβ ǫαβκι = 2!δ
λµ
κι
we have
ǫλµαβ (∂µHαβ + ∂βHµα + ∂αHβµ) = −3!
√
|det g|Jλ. (35)
Now,
ǫλµαβ∂µHαβ = ∂µ(
1
2
√
|det g|ǫλµαβ ǫαβκιFκι)
= ∂µ(
√
|det g|δλµκι Fκι)
= 2∂µ(
√
|det g|Fλµ)
= −2∂µ(
√
|det g|Fµλ). (36)
Analogous calculations give that the other two terms in the first member of
Eq.(35) are also equal to −2∂µ(
√
|det g|Fµλ). Then Eq.(35) becomes
1√
|det g|∂µ(
√
|det g|Fµλ) = Jλ
and Eq.(30) is proved.
12See, e.g. page 111 of [8].
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Remark 5 We present yet another simple proof of Eq.(30) which however pre-
sumes the knowledge of the Clifford calculus. We introduce the Dirac operator
∂ = ϑµ∇∂/∂xµ and recall that dM = ∂ ∧ M for any M ∈ sec
∧
T ∗M →֒
sec Cℓ(M, g) where Cℓ(M, g) is the Clifford bundle of differential forms13. We
have
dH = d ⋆
g
G = ∂ ∧ ⋆
g
G = − ⋆
g
J
Now, we calculate ∂ ∧⋆
g
G = ∂ ∧ (G˜τ g) in orthonormal basis 14{ea} for TU and
dual basis {θa} for T ∗U with U ⊂M . We have
d ⋆
g
G = ∂ ∧ (G˜τ g)
= −θa ∧ (∇ea(Gτ g))
= −1
2
(θa∇ea(Gτ g) +∇ea(Gτ g)θa)
= −1
2
(θa(∇eaG)τ g + θaG(∇eaτ g) + (∇eaG)τ gθa +G(∇eaτ g)θa)
= −1
2
(
θa(∇eaG)− (∇eaG)θa)τ g −
1
2
(− θaG(∇eaτ g)−G(∇eaτ g)θa
)
.
But
−1
2
(θa(∇eaG)− (∇eaG)θa)τ g) = −(∂yG)τ g
and
∇eaτ g = ∇ea(θ0 ∧ θ1 ∧ θ2 ∧ θ3) = −Γ0···a0τ g − Γ1···a1τ g − Γ2···a2τ g − Γ3···a3τ g = 0,
because
Γ0···a0 = Γ
1··
·a1 = Γ
1··
·a1 = Γ
1··
·a1 = 0.
Then,
−(∂yG)τ g = −Jτ g
or
∂yG = J. (37)
Now,
∂yG =
1
2
ϑµy(DµG
αβϑα ∧ ϑβ) = DµGµβϑβ
= (∂µG
µβ + Γµ···µκG
κβ + Γβ···µκG
µκ)ϑβ
= (∂µG
µβ + Γµ···µκG
κβ)ϑβ = (∂µG
µβ +
∂µ
√
|det g|√
|det g| G
µβ)ϑβ
=
1√
|det g|∂µ(
√
|det g|Gµβ)ϑβ ,
13The Clifford product of Clifford fields is denoted by justaposition.
14Recall that θa(eb) = δ
a
b . Also g(ea,eb) = ηab and g(θ
a, θb) = ηab = θa · θb = θayθb.
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and we get recalling that in vacuum G = F
1√
|det g|∂µ(
√
|det g|Fµβ) = Jβ
which is Eq.(30) again.
3 Maxwell Equations in Minkowski Spacetime
3.1 Vacuum Case
We next suppose that electromagnetic phenomena take place in a non dis-
persive material medium in Minkowski spacetime, i.e., the structure M =
〈R4, g˚, ∇˚, τ g˚, ↑〉. Since the Riemann curvature of the Levi-Civita connection ∇˚
is null (i.e., R˚(∇˚) = 0) there exists global coordinates15 〈xµ〉 such that denoting
by 〈eµ = ∂/∂xµ〉 a basis for TM and 〈γµ = dxµ〉 the basis of T ∗M dual to 〈eµ〉
we have
g˚ = ηµνγ
µ ⊗ γν (38)
where the matrix with entries ηµν being the diagonal matrix diag(1,−1,−1,−1).
In this case the components of constitutive (extensor) χ of the vacuum in
the (nacs|I) {xµ} to the inertial frame L = e0 = ∂/∂x0 are
χρσµν = (ηρµησν − ηρνησµ). (39)
Thus
Gρσ =
1
2
(ηρµησν − ηρνησµ)F˚µν = ηρµησνFµν . (40)
Denoting by (Fµν) and (G
ρσ), respectively, the matrices with elements Fµν and
Gρσ we have
(Fµν) =


0 E1 E2 E3
−E1 0 −B3 B2
−E2 B3 0 −B1
−E3 −B2 B1 0

 , (Gρσ) =


0 −B1 −B2 −B3
B1 0 E3 −E2
B2 −E3 0 E1
B3 E2 −E1 0

 .
Of course, Maxwell equations in coordinates in the Einstein-Lorentz Poincare´
gauge reads
∂Fαβ
∂xµ
+
∂Fµα
∂xβ
+
∂Fβµ
∂xα
= 0, (41)
and
∂Fµν
∂xµ
= Jν . (42)
15These coordinates are said to be in Einstein-Lorentz-Poincare´ gauge. Note that 〈xµ〉 is a
(ncsa|e0) where e0 = L (the laboratory frame) is an inertial reference system, this adjective
meaning that ∇˚e0 = 0.
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3.2 Non Dispersive Homogeneous and Isotropic Linear
Medium Case
We suppose in what follows that a linear non dispersive homogeneous and
isotropic medium (NDHILM) is at rest in a given reference frame V in U ⊂M
which has an arbitrary motion relative to the laboratory frame that is here mod-
elled by the inertial frame L = e0 = ∂/∂x
0. Let 〈x′µ〉 be coordinate functions
covering U that are (nacs|V ) and 〈∂/∂x′µ〉 be a basis for TU and 〈ϑ′µ = dx′µ〉
the corresponding dual basis for T ∗M . Writing in this case
g˚ = g˚′µνϑ
′µ ⊗ ϑ′ν = ηµνγµ ∧ γϑν , (43)
we have
V = V ′µ∂/∂x′µ =
1√
g˚′00
∂/∂x′0 = Vµ∂/∂xµ = V0
∂
∂x0
+ Vi
∂
∂xi
. (44)
We now write
F =
1
2
F ′ρσϑ
′ρ ∧ ϑ′σ = 1
2
F ′ρσϑ′ρ ∧ ϑ′σ
=
1
2
Fρσγ
ρ ∧ γσ = 1
2
Fρσγρ ∧ γσ,
G =
1
2
G′ρσϑ
′ρ ∧ ϑ′σ = 1
2
G′ρσϑ′ρ ∧ ϑ′σ
=
1
2
Gρσγ
ρ ∧ γσ = 1
2
Gρσγρ ∧ γσ. (45)
We use the following notations for the elements of the matrices (Fρσ), (Fρσ)
(Gρσ) and (G
′
ρσ) as
(Fρσ) =


0 E1 E2 E3
−E1 0 −B3 B2
−E2 B3 0 −B1
−E3 −B2 B1 0

 , (F ′ρσ) =


0 E′1 E
′
2 E
′
3
−E′1 0 −B′3 B′2
−E′2 B′3 0 −B′1
−E′3 −B′2 B′1 0

 ,
(46)
(Gρσ) =


0 D1 D2 D3
−D1 0 −H3 H2
−D2 H3 0 −H1
−D3 −H2 H1 0

 , (G′ρσ) =


0 D′1 D
′
2 D
′
3
−D′1 0 −H ′3 H ′2
−D′2 H ′3 0 −H ′1
−D′3 −H ′2 H ′1 0

 .
(47)
Then Maxwell equations read in the coordinates 〈x′µ〉 (which are a (nacs|V )):
∂F ′αβ
∂x′µ
+
∂F ′µα
∂x′β
+
∂F ′βµ
∂x′α
= 0,
and
1√
|det g˚|
∂
∂x′α
(
1√
|det g˚| g˚
′αρg˚′βσG′ρσ
)
= J ′β .
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3.3 Minkowski Relations
We want now to define using differential forms the concepts of electric and
magnetic fields and induction fields in a NDHILM.
Given an arbitrary reference frame Z in Minkowski spacetime let z = g˚(Z, )
be the physically equivalent 1-form field16.
Definition 6 The electric E
z
and the magnetic B
z
1-form fields and the D
z
and
H
z
1-form fields according to the observers at rest in Z are17:
E
z
:= zyF, B
z
:= zy ⋆ F, (48)
D
z
:= zyG, H
z
:= zy ⋆ G. (49)
We immediately have
F = z∧E
z
− ⋆(z ∧B
z
), (50)
G = z∧D
z
− ⋆(z ∧H
z
). (51)
Let V be an arbitrary reference frame in Minkowski spacetime (v = g˚(V , ))
where the NDHILM is at rest.
Definition 7 The electric D
v
and the magnetic H
v
1-form fields according to
the observers at rest in Z are related with the E
v
and B
v
by:
D
v
:= εE
v
and H
v
:=
1
µ
B
v
. (52)
We immediately have
G =
1
µ
(εµ− 1) [v∧(vyF )] + 1
µ
F. (53)
which will be called Minkowski constitutive relation.
Exercise 8 Prove Eq.(53).
Solution 9 From Eq.(51) and Definition 7 we have
G = εv ∧ (vyF )− 1
µ
⋆ [v ∧ (vy ⋆ F )] (54)
Now using the identities Eq.(137) and Eqs.(138) in the Appendix we have
⋆[v ∧ (vy ⋆ F )] = ⋆[v ∧ ⋆(v ∧ F )] = ⋆ ⋆ [vy(v ∧ F )] = −vy(v ∧ F )
= −(vyv)F + v ∧ (vyF )
16We will also call z a reference frame.
17The symbol ⋆ denotes the Hodge star operator in Minkowski spacetime.
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and then
G = εv ∧ (vyF ) + 1
µ
[F − v ∧ (vyF )]
=
1
µ
(εµ− 1) [v∧(vyF )] + 1
µ
F.
3.3.1 Coordinate Expression for Minkowski Constitutive Relations
We want now to express Minkowski constitutive relations in arbitrary {xµ}
coordinates covering U ⊂M and let Fλµ, Gµν and vµ be the components of F ,
G and the reference frame V in an arbitrary natural bases {∂µ = ∂/∂xµ} and
{ϑµ = dxµ}. Let us calculate vyG. We have
vyG =
(
ε− 1
µ
)
vy[v∧(vyF )] +
1
µ
vyF.
From identity Eq.(137) in Appendix we have
vy[v∧(vyF )] = (vyv)(vyF )]− v ∧ (v ∧ (vyF ))
= vyF − (v ∧ v) ∧ (vyF ))
= vyF. (55)
Then
vyG = εvyF (56)
and in components Eq.(56) is
vµϑµy
(
1
2
Gαβϑ
α ∧ ϑβ
)
= εvµϑµy
(
1
2
Fαβϑ
α ∧ ϑβ
)
and since ϑµy
(
1
2Gαβϑ
α ∧ ϑβ) = Gµνϑν , ϑµy (12Fαβϑα ∧ ϑβ) = Fµνϑν we have
vµGµν = εv
µFµν . (57)
Let us now calculate vy ⋆ G. First we note that
⋆G =
(
ε− 1
µ
)
⋆ [v∧(vyF )] +
1
µ
⋆ F
and using the same steps as the ones leading to Eq.(56) we first get
vy ⋆ [v∧(vyF )] = ⋆[v∧(v ∧ (vyF ))] = ⋆(v ∧ v)∧(vyF ) = 0
and then
vy ⋆ G =
1
µ
vy ⋆ F. (58)
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Now,
⋆F =
1
2
(
1
2
√
|det g˚|Fµνεµνρσϑρ ∧ ϑσ
)
,
⋆G =
1
2
(
1
2
√
|det g˚|Gµνεµνρσϑρ ∧ ϑσ
)
and
vy ⋆ F =
1
2
√
|det g˚|vκFµνεµνκσϑσ,
vy ⋆ G =
1
2
√
|det g˚|vκGµνεµνκσϑσ
and finally Eq.(58) reads in components
µvκGµνεµνκσ = v
κFµνεµνκσ (59)
or in equivalent forms
µvκGµνε
µνκσ = vκFµνε
µνκσ,
µεµνκσGµν g˚κιv
ι = εµνκσFµν g˚κιv
ι. (60)
3.3.2 Polarization, Magnetization, Bound Current and Bound Charge
Fields
We define moreover the polarization 2−form field Π by
Π : F −G. (61)
Given an arbitrary frame Z we decompose Π as
Π := z∧P
z
− ⋆(z ∧M
z
), (62)
where P
z
and M
z
are called respectively the polarization 1-form field and mag-
netization 1-form field in Z. Moreover, from Eq.(52) and Eq.(53) we get
P
z
= E
z
−D
z
and M
z
= B
z
−H
z
.
From the non homogeneous Maxwell equation d ⋆ G = −J we have
d ⋆ F = −J+ d ⋆Π. (63)
The field
J := −d ⋆Π (64)
is called the bound current 3-form. Given an arbitrary frame Z we decompose
J as
J := z∧J
z
+ ρ
z
(65)
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where J
z
is called the bound current 2-form field and ρ
z
is called the bound charge
3-form field.
In the coordinates 〈xµ〉 and 〈x′µ〉 respectively adapted to the inertial labo-
ratory frame L = e0 and to an arbitrary frame V we write
Π =
1
2
Πρσϑ
ρ ∧ ϑσ = 1
2
Πρσϑρ ∧ ϑσ
=
1
2
Π′ρσϑ
′ρ ∧ ϑ′σ = 1
2
Π′ρσϑ′ρ ∧ ϑ′σ, (66)
where the entries of the matrices (Π˚ρσ) and (Πρσ) are, respectively,
(Πρσ) :=


0 −P1 −P2 −P3
P1 0 −M3 M2
P2 M3 0 −M1
P3 −M2 M1 0

 , (Πρσ) :=


0 −P ′1 −P ′2 −P ′3
P ′1 0 −M ′3 M ′2
P ′2 M
′
3 0 −M ′1
P ′3 −M ′2 M ′1 0


(67)
3.4 Constitutive Relations in a Uniformly Rotating Frame
V .
We introduce besides the coordinates {xµ} also cylindrical coordinates 〈xµ〉 in
R4 − {0} which are also (nacs|L = e0). As usual we write
x0 = x0,
x1 = x1 cosx2,
x2 = x1 sinx2,
x3 = x3. (68)
We will simplify the notation when convenient by writing {x0, x1, x2, x3} :=
{t, x, y, z} and {x0, x1, x2, x3} := {t, r, φ, z}.
Next we introduce a particular rotating reference frame V ∈ secTM in
Minkowski spacetime:
V =
1√
1− v2
∂
∂t
+
ω√
1− v2
(
−y ∂
∂x
+ x
∂
∂y
)
(69)
where
v :=
√
v2x + v
2
y = ωr, (70)
with ω the (classical) angular velocity of V relative to the inertial laboratory
frame L = e0.
Since
∂
∂φ
= −y ∂
∂x
+ x
∂
∂y
(71)
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we can also write taking into account that γ = 1/
√
1− v2,
V =
1√
1− v2
∂
∂t
+
ω√
1− v2
∂
∂φ
= γ
(
∂t + v
1
r
∂φ
)
(72)
and
v := g˚(V , ) = γ (dt+ vrdφ) . (73)
Remark 10 It is important to recall that although the coordinates {t, r, φ, z}
cover R4 − {0} the reference frame V if realized by a physical system can only
have material support for r < 1/ω.
We introduce next the vector field
v = −ωy∂x + ωx∂y
= v
1
r
∂φ = veφ (74)
It is quite obvious that the vector field v represents the classical 3- velocity
of a (material) point whose 3-dimensional trajectory in the spacelike section R3
determined by L = e0 has parametric equations (r cosωt, r sinωt, z0) where z0
is an arbitrary real constant.
Take notice that in engineering notation the vector field v is usually denoted
by ~v = veˆφ. We will use engineering notation when convenient in some of the
formulas that follows for pedagogical reasons.
A (nacs|V ) Before we proceed we introduce explicitly the transformation law
between the coordinates 〈xµ〉 that are (nacs|e0) and 〈x′µ〉 that are (nacs|V ).
These are
x0 = x′0,
x1 = x′1 cosωx0 − x′2 sinωx0,
x2 = x′1 sinωx0 + x′2 cosωx0.
x3 = x′3. (75)
To simplify the notation we will write {x′0, x′1, x′2, x′3) := (t′, x′, y′, z′).
We define also cylindrical coordinates 〈xˆ′µ〉 naturally adapted to V by
x′0 = xˆ′0, (76)
x′1 = xˆ′1 cos xˆ′2,
x′2 = xˆ′
′1 sin xˆ′2,
x′3 = xˆ′3.
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We moreover simply the notation writing {xˆ′0, xˆ′1, xˆ′2, xˆ′3) := (t′, r′, φ′, z′).
Now, it is trivial to see that
t′ = t, r′ = r, φ′ = φ− ωt, z′ = z. (77)
This has as consequence the obvious relations
dt′ = dt, dr′ = dr, dφ′ = dφ− ωdt, dz′ = dz (78)
and the not so obvious ones
∂
∂t′
=
∂
∂t
+ ω
∂
∂φ
,
∂
∂r′
=
∂
∂r
,
∂
∂φ′
=
∂
∂φ
,
∂
∂z′
=
∂
∂z
. (79)
Then we see that
V =
1√
1− v2
∂
∂t′
=
1√
g˚00
∂
∂t′
, (80)
which shows that indeed 〈xˆ′µ〉 is a (nacs|Z).
We also notice that since r′ = r and ∂∂φ′ =
∂
∂φ we can write Eq.(74) as
18
v = ωv
1
r
∂
∂φ
= ωv
1
r′
∂
∂φ′
= −ωy′ ∂
∂x′
+ ωx′
∂
∂y′
= vx′
∂
∂x′
+ vy′
∂
∂y′
(81)
= v′1
∂
∂x′1
+ v′2
∂
∂x′2
.
We write the metric g˚ using the coordinates 〈xµ〉 and 〈xˆµ〉 as
g˚ = g˚′µνdx
′µ ⊗ dx′ν
= (1 − ω2r′2)dt′ ⊗ dt′ + 2ωy′dx′ ⊗ dt′ − 2ωx′dy ⊗ dt′ − dx′ ⊗ dx′ − dy′ ⊗ dy′
− dz′ ⊗ dz′, (82)
or
g˚ = gˆµνdxˆ
′µ ⊗ dxˆ′ν
= (1 − v2)dt⊗ dt− 2ωdφ′ ⊗ dt− dr′ ⊗ dr′ − r′2dφ′ ⊗ dφ′ − dz′ ⊗ dz′. (83)
We immediately read from Eq.(82) that
g˚′00 = (1− v2) = 1/γ2, g˚′10 = −v′1 = ωy′, g˚′20 = −v′2 = ωx′, g˚′30 = 0. (84)
After this (long) digression we return to Eq.(57) and Eq.(60) that in coor-
dinates 〈x′µ〉 which is (nacs|V ), can be immediately written in the engineering
format (of vector calculus) as:
18Pay attention with the notation used.
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~D′ = ε ~E′, (85)
µ[
1
γ2
~H ′ − ~v × ~D′] = [ 1
γ2
~B′ − ~v × ~E′]. (86)
Then, we finally get
~D′ = ε ~E′, (87)
~H ′ =
1
µ
[ ~B′ + γ2(εµ− 1)~v × ~E′]. (88)
The polarization and magnetization vector fields in engineering notation are,
respectively, then:
~P ′ = (ε− 1) ~E′, (89)
~M ′ = (1− 1
µ
) ~B′ +
1
µ
γ2(1− εµ)~v × ~E′. (90)
To obtain the expression of those fields in the laboratory (in coordinates 〈xµ〉
naturally adapted to l = e0 = ∂/∂x
0 = ∂/∂t) it is only necessary to recall that
F ′µν =
∂xα
∂x′µ
∂xβ
∂x′ν
Fαβ, H
′
µν =
∂xα
∂x′µ
∂xβ
∂x′ν
Hαβ, Π
′
µν =
∂xα
∂x′µ
∂xβ
∂x′ν
Παβ . (91)
Now, from Eq.(75) we have
(
∂xα
∂x′µ
)
=


1 0 0 0
−ωy cosωt′ − sinωt′ 0
ωx sinωt′ cosωt′ 0
0 0 0 1

 . (92)
Then, we have, e.g.,
E′x = Ex cosωt+ Ey sinωt+ ωx
′Bz,
E′x = −Ex sinωt+ Ey cosωt+ ωy′Bz,
E′z = Ez − ωyBy − ωxBx,
B′x = Bx cosωt+ By sinωt,
B′y = −Bx sinωt+ By cosωt,
B′z = Bz. (93)
We recall also that writing at time t in the laboratory the position vector
of a point p = (x, y, z) in engineering notation as ~x = xeˆx + yeˆy + zeˆz and the
(3-dimensional) angular velocity field of the frame V as ~ω = Ωeˆz we have
~v = ~Ω× ~x. (94)
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Finally we write the relation between the charge and current densities as ob-
served in the laboratory and the rotating frame. From J = J ′µϑ′µ = J
µγµ, with
(J0, J1, J2, J3) = (ρ, jx, jy, jz) and (J
′0, J
′1, J
′2, J ′3) = (ρ′, j′x, j
′
y, j
′
z) we have
J ′µ =
∂x′µ
∂xα
Jα, (95)
which gives
ρ′ = ρ, (96)
j′x = ωy
′ρ+ jx cosωt+ jy sinωt, (97)
j′y = −ωx′ρ− jx sinωt+ jy cosωt, (98)
j′z = jz. (99)
4 Jump Conditions for the Fields F and G at
the Boundary of a Moving NDHILM
The interface between a moving NDHILM described by the velocity field V
and the vacuum defines a hypersurface Σ = 0 in Minkowski spacetime. The
jump conditions can be deduced from Maxwell equations and are well known.
A very simple deduction of the discontinuity of the fields ~E, ~B, ~D and ~H is
given in [10]. Here we write the jump conditions in differential form style for
the case where the free current ⋆J = 0. Denoting as usual by [F ], [G] and [⋆G]
the respective discontinuities of F , G and ⋆G at the boundary of medium and
vacuum we have:
[F ] ∧ dΞ|Ξ=0 = 0, (100)
[G]xdΞ|Ξ=0 = 0. (101)
Observe that [G]xdΞ|Ξ=0 = 0 implies, of course
⋆[ [G]xdΞ|Ξ=0] = − ⋆ [ [G]ydΞ|Ξ=0] = [⋆G] ∧ dΞ|Ξ=0 = 0.
Also, [F ] ∧ dΞ|Ξ=0 = dΞ ∧ [F ]|Ξ=0 = ⋆(dΞy ⋆ F )|Ξ=0 = 0 and we can write the
jump conditions also as:
[⋆F ]xdΞ|Ξ=0 = 0, (102)
[⋆G] ∧ dΞ|Ξ=0 = 0. (103)
Now, in the (nacs|L = e0) 〈xµ〉 we have
n := dΞ =
∂Ξ
∂xµ
ϑµ = nµϑ
µ = nµϑµ. (104)
Define19 n := − ∂Ξ∂xi ∂∂xi the spatial vector field which is normal to the moving
boundary Ξ(t, x, y, z) = 0. Now, each spacial point of the moving boundary at
19The minus sign is necessary due to the signature of the metric.
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time t has Newtonian velocity v. Observe that during a time interval△x0 = △t
a point at the boundary with arbitrary coordinates (x, y, z) will arrive at the
point (x + vx△t, y + vy△t, z + vz△t). The hypersurface Ξ at (t + △t, x +
vx△t, y+ vy△t, z+ vz△t) will satisfy
Ξ(t+△t, x+ vx△t, y+ vy△t, z+ vz△t)
= Ξ(t, x, y, z) +
∂Ξ
∂xµ
∣∣∣∣
(t,x,y,z)
△xµ = 0
= △t ∂Ξ
∂t
∣∣∣∣
(t,x,y,z)
+ vx△t ∂Ξ
∂x
∣∣∣∣
(t,x,y,z)
+ vy△t ∂Ξ
∂y
∣∣∣∣
(t,x,y,z)
+ vz△t∂Ξ
∂z
∣∣∣∣
(t,x,y,z)
= 0.
(105)
Thus, we get in engineering notation taking into account that ~n = −∇Ξ that
Eq.(105) implies
∂Ξ
∂t
− ~n • ~v = 0. (106)
Then, we can write the jump conditions in its usual engineering notation as
~n • [ ~B
l
] = 0, (~n • ~v)[ ~B
l
] + ~n× [ ~E
l
] = 0 (107)
~n • [ ~D
l
] = 0, (~n • ~v)[ ~D
l
] + ~n× [ ~H
l
] = 0. (108)
Exercise 11 Show that Eq.(101) implies the formulas in Eq.(108).
Solution 12 We calculate [G]xdΞ|Ξ=0 = [G]xn|Ξ=0 = ny[G]|Ξ=0 = 0. Now,
from Eq.(51) we have
nyG = ny(l ∧D
l
)− ny[⋆(i ∧H
l
)] (109)
and since lyD = γ0y(Diγ
i) = 0 we get
ny(l ∧D
l
) = (nyl)D
l
− n ∧ (lyD
l
) = n0D
l
(110)
which in engineering notation reads
(~n • ~v) ~D. (111)
Also,
ny[⋆(l ∧H)] = ⋆(n ∧ l ∧H)
= ⋆(niHjγ
i ∧ γ0 ∧ γj)
= −niHj ⋆ (γ0 ∧ γi ∧ γj)
= −niHjη0kηimηjnεkmnlγj
= −niHjηimηjnε0mnlγj
= −nmHnε0mnlγj (112)
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which in engineering notation read:
− ~n× ~H. (113)
Using Eq.(111) and Eq.(113) permit us to write the equation ny[G]|Ξ=0 = 0 in
vector calculus notation as
(~n • ~v)[ ~D
l
] + ~n× [ ~H
l
] = 0.
To show that ny[G]|Ξ=0 = 0 implies also ~n• [ ~Dl ] = 0 it is enough to observe that
ly(ny[G]) = (l ∧ n)y[G]
= ni(γ
0 ∧ γi)y[ 1
2
Gαβγα ∧ γβ ]
= −ni(γ0 ∧ γi) · [ 1
2
Gαβα γ ∧ γβ ]
= −1
2
ni[G
αβ] det
(
γ0 · γα γ0 · γβ
γi · γα γi · γβ
)
= −1
2
ni[G
αβ](δ0αδ
i
β − δ0βδiα)
= ni[G
0i] = 0. (114)
But G0i = −Di and thus we can write ly(ny[G]) = 0 in vector calculus notation
as ~n • [ ~D
l
] = 0.
5 Solution of Maxwell Equations for the Wilson
& Wilson Experiment
We now show how to find the solution of Maxwell equations
dF = 0, d ⋆ G = −J (115)
for the famous Wilson & Wilson experiment of 1913. Here that experiment is
modelled as follows: a cylindrical magnetic insulator of internal and external
radii r1 and r2 respectively and which has uniform and isotropic electric and
magnetic permeabilities ε and µ is supposed to rotate with constant angular
velocity ω in the z direction of an inertial laboratory L = e0 where there exists
a uniform magnetic field Fo = Bodr∧dφ (or in engineering notation ~Bo = Boeˆz).
Figure 1 illustrate the situation just described.
We start by introducing some useful notation. First we write the Minkowski
metric g˚ as
g˚ = ηµνθ
µ ⊗ θν (116)
with
θ0 = dt, θ1 = dr, θ2 = rdφ, θ3 = dz. (117)
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Figure 1: Details of the Wilson & Wilson Experiment. A magnetic insulator
rotates with uniform angular velocity ~ω = ωeˆz in an external magnetic field
~Bo = Boeˆz. An electric field ~Ei = f(r,Bo, ω, ε, µ)eˆr is observed.
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For our problem the moving boundary of our material has equations Ξ1 =
r − r1 = 0 and Ξ2 = r − r2 = 0, so the normal to this surface is dΞ = θ1. For
our problem we have J = 0. To proceed we write as an ansatz the solution for
the electromagnetic field in the interior of the material
Fi = Eθ0 ∧ θ1 + Bθ1 ∧ θ2 (118)
where E and B are supposed to be functions only on the coordinate r.
We recall from Eq.(73) that the 1-form physically equivalent to the velocity
field V is
v = γ(θ0 + vθ2)
with v = ωr and γ = (1 − v2)−1/2. We now must solve the equation d ⋆ G = 0
with the boundary conditions given by Eqs.(102) and (103). To calculate Gi we
use Eq.(53). First we calculate vyFi. We have
vyFi = γ(θ
0 + vθ2)y(Eθ01 + Bθ12)
= γ(E + vB)θ1.
and
v ∧ (vyFi) = γ2(E + vB)θ01 − γ2v(E + vB)θ12.
Then20
Gi =
E(µε−v2) + Bv(µε−1)
µ(1− v2) θ
01 +
Ev(1−µε) + B(1− µεv2)
µ(1− v2) θ
12
:= Kθ01 + Lθ12. (119)
Since
⋆(θ0 ∧ θ1) = ˜(θ0 ∧ θ1)yτ g˚ = −θ2 ∧ θ3,
⋆(θ1 ∧ θ2) = ˜(θ1 ∧ θ2)yτ g˚ = θ0 ∧ θ3
we have
⋆ Gi = −Kθ23 + Lθ03. (120)
Then d ⋆ G = 0 gives
−dK
dr
θ123 − K
r
θ123 − dL
dr
θ013 = 0
and so our problem resumes in solving the following two trivial ordinary differ-
ential equations
dK
dr
+
K
r
= 0 and
dL
dr
= 0, (121)
with solutions
K = c1
r
and L = c2 (122)
20It seems to have a misprint sign in the formula appearing in [1].
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respectively, where c1 and c2 are integration constants. So, we have
Gi =
c1
r
θ01 + c2θ
12,
⋆Gi = −c1
r
θ23 + c2θ
03.
Now, if we recall that outside the magnetic insulator we have ⋆Go = ⋆Fo =
Boθ
03 we get using the jump condition Eq.(103) that
(⋆Go − ⋆Gi) ∧ θ1 = 0, (123)
i.e.,
− Boθ013 + c2θ013 − c1
r
θ123 = 0 (124)
from where it follows that the functions K and L are
K = 0, L = Bo. (125)
Then from Eq.(119) we have the following system of linear equations for the
functions E and B: {
E(µε−v2) + Bv(µε−1) = 0,
Ev(1−µε)+B(1−µεv2)
µ(1−v2) = Bo
(126)
whose solution is:
E = Bo ωr(1 − µε)
ε(1− ω2r2) , B = −Bo
(ω2r2 − µε)
ε(1− ω2r2) . (127)
So, finally we have
Fi = Bo
ωr(1 − µε)
ε(1− ω2r2)θ
01 − Bo (ω
2r2 − µε)
ε(1− ω2r2) θ
12. (128)
and the electric and magnetic fields Ei
l
and H i
l
as determined in the labo-
ratory frame inside the material are
Ei
l
= θ0yFi = Bo
ωr(1 − µε)
ε(1− ω2r2)θ
1, (129)
H i
l
= θ0y ⋆ Fi = −Bo (ω
2r2 − µε)
ε(1− ω2r2) θ
3. (130)
From Eq.(129) it follows immediately that the potential V between the internal
and external parts of the material as shown in Figure 1 is, when ω2r2 << 1,
V = Boω
1
ε
(1− µε)∫ r2
r1
rdr
=
1
2
Boω
1
ε
(1− µε)(r22 − r21), (131)
which is the value found by Wilson & Wilson [21].
Exercise 13 Calculate P
l
, M
l
, the bound current J
l
and the bound charge ρ
l
.
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6 Extracting Energy from the Magnetic Field
We now propose a way to extract energy from a magnetic field using the results
just obtained above. In order to do that we first recall that when the magnetic
insulator in Figure 1 which has momentum of inertia I is put in rotation with
constant angular velocity ~ω = ωeˆz it acquires an angular momentum
~Lmec = I~ω. (132)
For the preliminaries theoretical considerations in this section we suppose that
there are no energy losses due to friction of the rotating magnetic insulator with
its supporters nor losses due to Joule effect on electric wires. As a consequence
the total angular momentum of the system (i.e., the rotating dielectric plus
the electromagnetic field) must be conserved. We suppose moreover that the
system does not dissipate energy through radiation. Under these conditions the
total angular momentum of the system is
~Lt = ~Lmec + ~Lelec (133)
where by [12] Abraham’s formula21
~Lelec =
∫
dxdydz
→
x × ( ~Ei × ~Hi). (134)
We choose our coordinate system such that the origin lives in the middle of the
rotating axis of the dielectric. Under these conditions
~Ei × ~Hi = −B2o
µ(1− µε)ωr(ω2r2 − µε)
ε2(1− ω2r2)2 eˆr × eˆz
= f(r,Bo, ω, µ, ε)eˆφ.
Then
~x× ( ~Ei × ~Hi) = (zeˆz + reˆr)× f(r,Bo, ω, µ, ε)eˆφ
= zf(r,Bo, ω, µ, ε)eˆz × eˆφ + rf(r,Bo, ω, µ, ε)eˆr × eˆφ
= −zf(r,Bo, ω, µ, ε)eˆr + rf(r,Bo, ω, µ, ε)eˆz
= −zf(r,Bo, ω, µ, ε)(cosφeˆx + sinφeˆy) + rf(r,Bo, ω, µ, ε)eˆz.
Thus the integral corresponding to the er component vanishes and we have
~Lelec = ez
∫
r2f(r,Bo, ω, µ, ε)drdφdz
= 2πZez
∫ r2
r1 r
2f(r,Bo, ω, µ, ε)dr. (135)
where Z is the height of the cylindrical dielectric. When ω2r2 << 1
~Lelec = eˆz2πZ
µ2
ε
B2oω(1− µε)
∫ r2
r1
r3dr
= −πZµ
2
2ε
B2oω(µε−1)
(
r42 − r41
)
eˆz. (136)
21At first sight it may seems strange that a magnetic and an electric field coming from
different sources may storage angular momentum. However that they do is an experimental
fact as showed for the first time by Graham and Lahoz only in 1979 [4, 7].
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It is a remarkable fact that ~Lelec points in the opposite direction of ~Lmec if
µε >1 (as it is the case in the Wilson & Wilson experiment according to [11].
Since the total angular momentum of our system must be conserved we see that∣∣∣~Lmec∣∣∣ must increase if there is no energy losses due to friction and Joule effect
in the wires and we could use the potential V given by Eq.(131) to power an
electric machine. Of course the energy powering the electric machine can only
be coming from the energy stocked in the external magnetic field. It will work
while the external magnetic field is presented. Of course extracting energy from
the magnetic field will make the value of Bo to decrease and with this decrease
the potential V will also decrease and at the end the machine will stop working.
Remark 14 If µε <1 the electromagnetic angular momentum is in the same di-
rection of the mechanical angular momentum, which must start to decrease after
the device is put in rotation. Then, the electric field will decrease also making
the electromagnetic momentum to decrease whereas the mechanical angular mo-
mentum must then start to increase again. It is not clear at this moment if
the system will oscillate between a minimum and maximal mechanical angular
momentum or will stabilize.
Remark 15 Real World Machine. In the real world where friction and Joule
effect are always present in order to extract energy from the magnetic field we
need a machine like the one in Figure 2 where the potential difference V given
by Eq.(131) is used first, if necessary, to power in a compensator motor just
enough to restore eventual losses due to friction and Joule effect on the electric
wires, and secondly V is also used to power a motor to generate useful work.
7 Conclusions
In this paper we recalled how to correctly solve Maxwell equations in order to
find the electric field in the famous Wilson &Wilson experiment using the theory
of differential forms with permits an intrinsic formulation of the problem. We
present also the correct jump conditions for the F and G fields in an invariant
way when the boundary separating two media is in motion. We give enough
details for the paper to be useful for students and researchers. Moreover we
use the theoretical results to present a surprising result which for the best of
our knowledge is new: a machine that can extract energy from an external
magnetic field. Under appropriate conditions (µε >1) the machine once puts
in motion will start increasing the electromagnetic angular momentum stocked
in the electromagnetic field in the direction contrary to the original mechanical
angular momentum of the device which thus will start increasing (theoretically)
its angular speed until ωr2 = 1, thus generating a big potential even in a small
external magnetic field which can be use to produce useful work.
Of course, a machine like this one if in orbit around a neutron star can
produce a lot of energy in a simple way than the hypothetical machine described,
e.g., in page 908 [9] projected to extract energy from black holes by throwing
garbage on it.
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A Some Useful Formulas
In this appendix we present some useful identities of the theory of differential
forms with has been used several times in the main text.
For a ∈ sec∧1T ∗M and Ar ∈ sec∧rT ∗M,Br ∈ sec∧sT ∗M it is
ay(Ar ∧Br) = (ayAr) ∧Br + Aˆr ∧ (ayBr). (137)
Ar ∧ ⋆
g
Bs = Bs ∧ ⋆
g
Ar; r = s
Ar · ⋆
g
Bs = Bs · ⋆
g
Ar; r + s = n
Ar ∧ ⋆
g
Bs = (−1)r(s−1) ⋆
g
(A˜ryBs); r ≤ s
Ary ⋆
g
Bs = (−1)rs ⋆
g
(A˜r ∧Bs); r + s ≤ n
⋆
g
Ar = A˜ryτg
⋆
g
τg = sgn detg; ⋆
g
1 = τg .
(138)
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